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a b s t r a c t
In this note we prove a regularity criterion ω := curl u ∈ L1(0, T ; B˙0∞,∞) for the 3D
Boussinesq systemwith partial viscosity. Here u is the velocity,ω is the vorticity and B˙0∞,∞
denotes the homogeneous Besov space.
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1. Introduction
This note is devoted to the study of the regularity criterion of the so-called Boussinesq system (Bν):
∂tu+ u · ∇u− ν∆u+∇pi = θe3, (1.1)
∂tθ + u · ∇θ = ∆θ, (1.2)
div u = 0, (1.3)
(u, θ)|t=0 = (u0, θ0) in R3. (1.4)
Here u is the velocity, pi is the pressure, θ is the temperature. ν ≥ 0 is the viscosity and e3 = (0, 0, 1)T. The Boussinesq
system has important roles in the atmospheric sciences [12].
The 2D Boussinesq equations (Bν) have been the subject of many studies. The global in time regularity of (Bν)with ν > 0
is well-known [2]. Very recently, Chae [5] showed that the 2D system (B0) also has a unique smooth global in time solution
with ν = 0.
For the 3D problem (Bν)with ν > 0, Ishimura–Morimoto [8] proved the following blow-up criterion:
∇u ∈ L1(0, T ; L∞). (1.5)
When ν = θ ≡ 0, (Bν) reduces to the usual Euler equations. Chae [3,4] and Kozono–Ogawa–Taniuchi [11] proved the
following regularity criterion:
ω := curl u ∈ L1(0, T ; B˙0∞,∞) (1.6)
for the 3D Euler equations which refines the well-known Beale–Kato–Majda criterion [1]:
ω ∈ L1(0, T ; L∞). (1.7)
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The aim of this note is to establish the regularity criterion (1.6) for the system (B0) (ν = 0). We will prove:
Theorem 1.1. (ν = 0). Let (u0, θ0) ∈ H3 and div u0 = 0 in R3. Let (u, θ) be a smooth solution to problem (1.1)–(1.4) with
ν = 0. Assume that condition (1.6) holds true, then the solution (u, θ) can be extended beyond T .
As θ ≡ 0, we recover some results in [3,4,11] for the standard incompressible Euler equations. Obviously, Theorem 1.1 is
also true for ν > 0 (various regularity criteria were found in a recent paper [7]).
The following definition can be found in Triebel’s book [13].
Definition 1.1. Let {φj}j∈Z be the Littlewood–Paley dyadic decomposition of unity that satisfies φˆ ∈ C∞0 (B2 \ B1/2), φˆj(ξ) =
φˆ(2−jξ) and
∑
j∈Z φˆj(ξ) = 1 for any ξ 6= 0. The homogeneous Besov space B˙sp,q := {f ∈ S′ : ‖f ‖B˙sp,q <∞} is introduced by the
norm
‖f ‖B˙sp,q :=
(∑
j∈Z
‖2jsφj ∗ f ‖qLp
)1/q
for s ∈ R, 1 ≤ p, q ≤ ∞.
2. Proof of Theorem 1.1
This section is devoted to the proof of Theorem 1.1. The proof is based on the establishment of a priori estimates under
condition (1.6).
Testing (1.2) by θ and using (1.3), we see that
1
2
d
dt
∫
θ2dx+
∫
|∇θ |2dx = 0 (2.1)
whence∫
θ2dx ≤
∫
θ20dx. (2.2)
Testing (1.1) by u and using (1.3), we find that
1
2
d
dt
∫
u2dx =
∫
θe3 · udx ≤ ‖θ‖L2 · ‖u‖L2 ≤ C‖u‖L2 . (2.3)
To bound the norms of the derivatives of the velocity u, we will use the following bilinear commutator estimate due to
David–Journé [6] and Kato–Ponce [10]:
‖Λs(fg)− fΛsg‖Lp ≤ C(‖∇f ‖L∞‖Λs−1g‖Lp + ‖Λsf ‖Lp‖g‖L∞), (2.4)
with s > 0, 1 < p <∞ andΛ := (−∆)1/2.
Applying ∂3 to (1.1), testing by ∂3u, using (1.3) and (2.4), we obtain
1
2
d
dt
∫
|∂3u|2dx ≤
∣∣∣∣∫ [∂3(u · ∇u)− u · ∇∂3u]∂3udx∣∣∣∣+ ∣∣∣∣∫ ∂3θe3 · ∂3udx∣∣∣∣
≤ C‖∇u‖L∞
∫
|∂3u|2dx+ ‖∂3θ‖L2 · ‖∂3u‖L2 . (2.5)
To bound the derivatives of θ , the bilinear commutator estimate (2.4) could not be used here. However, we can bound it
as follows.
Taking ∂3 to (1.2), testing by ∂3θ , using (1.3), we deduce that
1
2
d
dt
∫
|∂3θ |2dx+
∫
|∇∂3θ |2dx = −
∫
∂3(u · ∇θ) · ∂3θdx
≤
∣∣∣∣∫ ∂3u · ∇θ · ∂3θdx∣∣∣∣+ C ∣∣∣∣∫ ∂2u · ∇∂θ · ∂3θdx∣∣∣∣
+ C
∣∣∣∣∫ ∂u · ∇∂2θ · ∂3θdx∣∣∣∣ =: I1 + I2 + I3. (2.6)
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Using (1.3), ‖θ‖L∞ ≤ ‖θ0‖L∞ ≤ C , and integrating by parts, I1 is simply bounded as follows
I1 =
∣∣∣∣∫ ∂3u · θ · ∇∂3θdx∣∣∣∣
≤ ‖θ‖L∞ · ‖∂3u‖L2 · ‖∇∂3θ‖L2
≤ ‖θ0‖L∞ · ‖∂3u‖L2 · ‖∇∂3θ‖L2
≤ ‖∇∂3θ‖2L2 + C‖∂3u‖2L2
for any  > 0.
I3 is simply bounded as follows.
I3 ≤ C‖∇u‖L∞ · ‖∂3θ‖2L2 .
To bound I2, we will use the following Gagliardo–Nirenberg inequalities:
‖∂2u‖L4 ≤ C‖∇u‖1/2L∞ · ‖∂3u‖1/2L2 , (2.7)
‖∇∂θ‖L4 ≤ C‖θ‖1/2L∞ · ‖∇∂3θ‖1/2L2 , (2.8)
‖∂3θ‖L2 ≤ C‖∂2θ‖1/2L2 · ‖∇∂3θ‖1/2L2 . (2.9)
Using (2.7)–(2.9), we bound I2 as follows.
I2 ≤ C‖∂2u‖L4 · ‖∇∂θ‖L4 · ‖∂3θ‖L2
≤ C‖∇u‖1/2L∞ ‖∂3u‖1/2L2 · ‖θ‖1/2L∞ ‖∇∂3θ‖1/2L2 · ‖∂2θ‖1/2L2 ‖∇∂3θ‖1/2L2
≤ C‖∇u‖1/2L∞ ‖∂3u‖1/2L2 · ‖∂2θ‖1/2L2 · ‖∇∂3θ‖L2
≤ ‖∇∂3θ‖2L2 + C‖∇u‖L∞ · ‖∂3u‖L2 · ‖∂2θ‖L2
≤ ‖∇∂3θ‖2L2 + C‖∇u‖L∞(1+ ‖∂3u‖2L2 + ‖∂3θ‖2L2)
for any  > 0.
Inserting the above estimates for I1, I2 and I3 into (2.6) and taking  small enough, we infer that
d
dt
∫
|∂3θ |2dx+
∫
|∇∂3θ |2dx ≤ C‖∇u‖L∞(1+ ‖∂3u‖2L2 + ‖∂3θ‖2L2). (2.10)
Combining (2.1), (2.3), (2.5) and (2.10), we deduce that
d
dt
(‖u‖2H3 + ‖θ‖2H3)+ ‖θ‖2H4 ≤ C‖∇u‖L∞(1+ ‖u‖2H3 + ‖θ‖2L3)
≤ C‖∇u‖B˙0∞,∞(1+ ‖u‖2H3 + ‖θ‖2H3) log(e+ ‖u‖2H3 + ‖θ‖2H3)
≤ C‖ω‖B˙0∞,∞(1+ ‖u‖2H3 + ‖θ‖2H3) log(e+ ‖u‖2H3 + ‖θ‖2H3)
which implies
sup
0≤t≤T
(‖u(t)‖2H3 + ‖θ(t)‖2H3)+
∫ T
0
‖θ(t)‖2H4dt ≤ C . (2.11)
Here we have used the following logarithmic Sobolev inequality [11]:
‖∇u‖L∞ ≤ C‖∇u‖B˙0∞,∞ log(e+ ‖u‖H3),
and the following inequality [9]:
‖∇u‖B˙0∞,∞ ≤ C‖ω‖B˙0∞,∞ .
The proof is complete. 
Acknowledgments
This work is partially supported by Program for New Century Excellent Talents in Universities in China, Shuguang Project
(07SG29), Shanghai Rising Star Program (08QH14006) and Fok Ying Tong Education Foundation (111002).
J. Fan, Y. Zhou / Applied Mathematics Letters 22 (2009) 802–805 805
References
[1] J.T. Beale, T. Kato, A. Majda, Remarks on the breakdown of smooth solutions for the 3-D Euler equations, Comm. Math. Phys. 94 (1984) 61–66.
[2] J.R. Cannon, E. DiBenedetto, The initial problem for the Boussinesq equationwith data in Lp , in: Lecture Note inMathematics, vol. 771, Springer, Berlin,
1980, pp. 129–144.
[3] D. Chae, On the well-posedness of the Euler equations in the Besov and Triebel-Lizorkin spaces, in: Tosio Kato’s Method and Principle for Evolution
Equations in Mathematical Physics (Proceedings of the workshop held at Hokkaido University, Japan on June 27–29, 2001), Yurinsha, Tokyo, 2002,
pp. 42–57.
[4] D. Chae, Local existence and blow-up criterion for the Euler equations in the Besov spaces, Asymptot. Anal. 38 (3-4) (2004) 339–358. a printed version
of RIM-GARC (Seoul National University, Korea) preprint no. 8 (June, 2001).
[5] D. Chae, Global regularity for the 2D Boussinesq equations with partial viscosity terms, Adv. Math. 203 (2006) 497–513.
[6] G. David, J.L. Jouré, A boundedness criterion for generalized Calderón–Zygmund operators, Ann. Math. 120 (1994) 371–397.
[7] J. Fan, T. Ozawa, Regularity conditions for the 3D Boussinesq equations with partial viscosity terms (2007) (under review).
[8] N. Ishimura, H. Morimoto, Remarks on the blow up criterion for the 3D Boussinesq equations,M3AS 9 (1999) 1323–1332.
[9] B. Jawerth, Some observations on Besov and Lizorkin–Triebel spaces, Math. Scand. 40 (1977) 94–104.
[10] T. Kato, G. Ponce, Commutator estimates and the Euler and Navier–Stokes equations, Commun. Pure Appl. Math. 41 (1988) 891–907.
[11] H. Kozono, T. Ogawa, Y. Taniuchi, The critical Sobolev inequalities in Besov spaces and regularity criterion to some semilinear evolution equations,
Math. Z. 242 (2002) 251–278.
[12] A. Majda, Introduction to PDEs and Waves for the Atmosphere and Ocean, in: Courant Lecture Notes in Mathematics, vol. 9, AMS/CIMS, 2003.
[13] H. Triebel, Theory of Functions Spaces II, Birkhäuser, Basel, 1992.
